136 [24 


24. 


ON THE INVERSE ELLIPTIC FUNCTIONS. 


[From the Cambridge Mathematical Journal, t. Iv. (1845), pp. 257—277.] 


THE properties of the inverse elliptic functions have been the object of the 
researches of the two illustrious analysts, Abel and Jacobi. Among their most remarkable 
ones may be reckoned the formule given by Abel (Ewvres, t. 1. p. 212 [Ed. 2, p. 343]), in 
which the functions ġa, fa, Fa, (corresponding to Jacobi’s sinam.a, cosam.a, Aam . a, 
though not precisely equivalent to these, Abel’s radical being [(1— a°) (1+ ea*)}#, and 
Jacobi’s, like that of Legendre’s [(1 — æ?) (1 —*a*)],), are expressed in the form of fractions, 
having a common denominator; and this, together with the three numerators, resolved 
into a doubly infinite series of factors; ie. the general factor contains two independent 
integers. These formule may conveniently be referred to as “Abel’s double factorial 
expressions” for the functions ¢, f, F. By dividing each of these products into an 
infinite number of partial products, and expressing these by means of circular or 
exponential functions, Abel has obtained (pp. 216—218) two other systems of formule for 
the same quantities, which may be referred to as “Abel's first and second single factorial 
systems.” The theory of the functions forming the above numerators and denominator, 
is mentioned by Abel in a letter to Legendre (Œwvres, t. 11. p. 259 [Ed. 2, p. 272]), as 
a subject to which his attention had been directed, but none of his researches upon 
them have ever been published. Abels double factorial expressions have nowhere any- 
thing analogous to them in Jacobi’s Fund. Nova; but the system of formule analogous 
to the first’ single factorial system is given by Jacobi (p. 86), and the second system 
is implicitly contained in some of the subsequent formule. The functions forming the 
numerator and denominator of sinam.u, Jacobi represents, omitting a constant factor, 
by H (u), O(w); and proceeds to investigate the properties of these new functions. This 
he principally effects by means of a very remarkable equation of the form 


lO (u) =4 Aw + Bf, du. h dwsin?am u, 
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(Fund. Nova, pp. 145, 133), by which © (u) is made to depend on the known function 


sinam.u. The other two numerators are easily expressed by means of the two 
functions H, ©. 


From the omission of Abel’s double factorial expressions, which are the only ones 
which display clearly the real nature of the functions in the numerators and denomi- 
nators; and besides, from the different form of Jacobi’s radical, which complicates the 
transformation from an impossible to a possible argument, it is difficult to trace the 
connection between Jacobi’s formule; and in particular to account for the appearance 
of an exponential factor which runs through them. It would seem therefore natural to 
make the whole theory depend upon the definitions of the new transcendental functions 
to which Abel’s double factorial expressions lead one, even if these definitions were not 
of such a nature, that one only wonders they should never have been assumed & priori 
from the analogy of the circular functions sin, cos, and quite independently of the 
theory of elliptic integrals. This is accordingly what I have done in the present paper, 
in which therefore I assume no single property of elliptic functions, but demonstrate 
them all, from my fundamental equations. For the sake however of comparison, I retain 
entirely the notation of Abel. Several of the formule that will be obtained are new. 


The infinite product 


where m receives the integer values +1, +2,...+7, converges, as is well known, as 
r becomes indefinitely great to a determinate function sin = of æ; the theory of which 


might, if necessary, be investigated from this property assumed as a definition. We are 
thus naturally led to investigate the properties of the new transcendant 


u= cll (1+ ae) die A a (2) : 


Mw + nur 


m and n are integer numbers, positive or negative; and it is supposed that whatever 
positive value is attributed to either of these, the corresponding negative one is also 
given to it. t=/(—1), œ and v are real positive quantities. (At least this is the 
standard case, and the only one we shall explicitly consider. Many of the formule 
obtained are true, with slight modifications, whatever œ and v represent, provided 
only w : vi be not a real quantity; for if it were so, mw+mnut for some values of 
m, n would vanish, or at least become indefinitely small, and u would cease to be 
a determinate function of æ.)! 


Now the value of the above expression, or, as for the sake of shortness it may 
be written, of the function 


ax a 
u= xII fı + aa} ee ee i ir (3), 


1 I have examined the case of impossible values of w and v in a paper which I am preparing for Crelle’s 
Journal. [The paper here referred to is [25], actually published in Liouville’s Journal]. 


Cc. 18 
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depends in a remarkable manner on the mode in which the superior limits of m, n 
are assigned. Imagine m,n to have any positive or negative integer values satisfying the 
equation 


Piet) dP A aA: E EE T: (4). 


Consider, for greater distinctness, m, n as the coordinates of a point; the equation 
p(m?, n*)=T belongs to a certain curve symmetrical with respect to the two axes. 
I suppose besides that this is a continuous curve without multiple points, and such 
that the minimum value of a radius vector through the origin continually increases as 
T increases, and becomes infinite with T7. The curve may be analytically discontinuous, 
this is of no importance. The condition with respect to the limits is then that m 
and n must be integer values denoting the coordinates of a point within the above 
curve, the whole system of such integer values being successively taken for these 
quantities. 


Suppose, next, u’ denotes the same function as u, except that the limiting condition is 
TARM E OEE TOE <ciait onsale (5). 


The curve ¢’(m?, n?)=T7" is supposed to possess the same properties with the other 
limiting curve, and, for greater distinctness, to lie entirely outside of it; but this last 
condition is nonessential. 


These conditions being satisfied, the ratio w : w is very easily determined in the 
limiting case of T and T” infinite. In fact 


u x 
=I fı +o 5} PA M e TEA a (6), 
w £ 
or l A = 22l {1 + awh Se eeevensevcscevecceccececcceeses (7), 
the limiting conditions being 
PA 5 bee AERIS, AR ene Ome RAE A MES (8), 
$ (m, n?) < T. 
x & æ \ 
Now l fı + h = (m, n) —ġ. (m, n? ~ IA EELE e e (9), 
[Maw B AEE =- ġa. Sy Bet a mse (10), 


or, the alternate terms vanishing on account of the positive and negative values 
destroying each other, 


pe = — far, ery ae jo. 22 —— 


me ns 


In general 


Vay (m, n) = [hp (m, 2) dmdn + P -cocoes (12), 
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P denoting a series the first term of which is of the form Ow (m, n), and the remaining 
ones depending on the differential coefficients of this quantity with respect to m and n. 
The limits between which the two sides are to be taken, are identical. 


In the present case, supposing T and 7” indefinitely great, it is easy to see that 
the first term of the expression for 1 is the only one which is not indefinitely 


small: and we have 
1% =—4 Aæ, or w= A DORRI. AU i (13), 
where 
dmdn dmdn l 
A=| [Paes oa =| bh Ga ppp ces (14); 
the limits.of the integration being given by 
A a EE deere AN p eaii (15), 
p (m, n*)< T. 
Some particular cases are important. Suppose the limits of w are given by 
E E a TI A i A TE E (16), 
and those of u, by 
a e e a (ETY; 
we have 
dmdn 
K Í | Ta Emi E (18), 
-ifan a eee 8 ON Tey a cote ie pom 
w Tnv V¥(P-nv)+nvi -y (T-n) +i — T+ ni 
2 T A (Te —n?v? 
=~ 5 | infora E A a Pr 
Zpfol J 
gah dol iy PUA a en a=- 2 wm) =0: 
or, in this case, 
w=u aig ae Sie See RTA STR ES Si RIEU CoW Bre E we acelsin te a eia (19). 
Again, let the limits of w’ be 
RON eo PIS sles hahah eat enwsenen ar (20), 
and those of u, 
mo? < Fe, ae E A sa A ea aE e Poke (21). 
dmdn 
A =| lo Gran Raa roscoe niet s a eter essrene (22), 
ge | AN ie E AT rta. | 
7o)” R tai R+mi'-Rẹnvi -R Fmi)’ 
18—2 
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where the limits are n’v?<S”, for the terms containing R’, nu?< S, for the terms 
containing R, 

2 R+Sri R-&i 23 
ga mt Rows R+M& PTerrrrerr rere ee eee ee oS eog ( ), 


7 


mla h S if X = tan~ a 
wY 


AS 
P’ A = tan I 


the arcs A, X’ being included between the limits 0, $7. Hence 


Whee erie 2 ton (24) 
Ba ee S’ S Mehta ji N 
E ha aa — = al ! — yg ipe. —, = ai], 
In particular if PTR YTY If R 0, R 1, v = ue : iE F ©, Fz 
w =ue}.®:; where 8 = ot for which quantity it will continue to be used. 


We may now completely define the functions whose properties are to be investi- 
gated. Writing, for shortness, 


(mai NEO MAID wns de bao scent Dois 00h «hee D ska (A), 
(m, n) =(m+})o +n, 

(m, i) = mo + (n+4) vi, 

(m, nN) =(mM+4) @+(n+4) wW; 


we may put 


the limits being given respectively by the equations 
: mod. (m, n)< T, mod. (m, n)<T, mod.(m, ñ)< T, mod. (m, 7) < T, 
T being finally infinite. The system of values m=0, n=0, is of course omitted in yt 


The functions ya, gv, Gæ, Gra, are all of them real finite functions of a, possessi" 
properties analogous to that of u. Thus, representing any one of them by Jæ, we hav? 


Pei e Le T Meet, ee (C), 
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where Jaga is the same as Ja, only for Jẹœ the limits are given by mw? or 


(m+4) œ < R, nv? or (n+4)?v°<S, (R, S, and z infinite), and for J_şs, by the same 


formule, (R, S, and = infinite). It is to this equation that the most characteristic 


properties of the functions Jæ are due. 


The following equations are deduced immediately from the above definitions: 


y(—2)=—-ya, g(—«#)=g2, G(-2)=Gr, G(-2) =Ge......... (D), 
y(0)=0, g(0)=1, GO)=1, G(O)=1, 
y (0) = 1. 


Suppose yıx, gw, Gw, Gi,x, are the values that would have been obtained for ya, ga, Gx, Gra 
by interchanging w and v,—then changing æ into ai, and interchanging m and n, by 
which means the limiting equations are the same in the two cases, we obtain the 
following system of equations: 

OR OU) T E in a bec E AT wi CAA (E), 

gi (a1) = Ga, 

G, (at) = ga, 

Gi, (vi) = Ge ; 


oe Se a ee mae (P), 
g (æi) = G2, 


or otherwise, 


G (a) = 9,2, 
& (xi) = Gs, 
equations which are useful in transforming almost any other property of the functions J. 


The functions Jga are changed one into another, except as regards a constant 
multiplier, by the change of œ into æ + z: This will be shown in a Note, or it may 
be seen from some formulæ deduced immediately from the definitions of the functions 
Jæ, which will be given in the sequel’. Observing the relation between Jæ and Jgz, 
we have in particular 


y (z + 3) SUPE MERLE, ghd vote ids vada et wah (G), 
g (2 + 5) = et 8 Byg 
G(a+ 3) =e Odia, 


Or (2 -= 3) = et fut DGy 


! Not given in the present paper. [The Note was given, see p. 154, and the formule referred to must have 
been the formule (M) p. 144.] 
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where A, B, ©, D, are most simply determined by writing «=0, x=— 


Tw 


the same time e =e” =q”, 


whence also 


1S 


Similarly, the functions J_,a are changed one into the other by the change of æ into 


a++4ui. We have in the same way 


g (2 + 5) =< tom BG, 


Whence 


Tv 


where 4 = e” =q. It is obvious that the relation between q and q, is lg. lq =- T. 


We obtain from the above 
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“ k i w ® . 
Also, by making s= g m the expression for y (2+ 5) and g= zm that for 


vi 
y(2+ z) , we have 


y 5) g (3) diig (3) G (3) TN AT T, (27), 


and the same or an equivalent one would have been obtained from the functions g, G, G. 
By combining the above systems, we deduce one of the form 


g(a t 5+) = ARA AGE o (K), 


g (z + st 5) = ¢he wv) BY Ga, 
G (2 + z + A E Ne eO A 
G (z + r +3) a= et halo) Dax; 


and, observing the equation ¢® = ei = (— 1), with the following values for the coefficients, 


A”=(—1)8.9($) g (5 ee ie BR PR eae. (L), 
wona n(n), 
raie) 


Dia (S It. gte (2) +r (F). 


Collecting the formule which connect y (5) sY (5) aa these are 
g (3) Ens Oe E e a (L bis), 
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And by the assistance of these 
BO eA = BP = AOSD 4 AR e= Loy...) ice E 


wis 
og, 


A'B +CD =—A"B"+C"D" =-¥ (5 Je oe (2 
Wali ery wall l TY (0) w 
A”0" + B'D'=-A' C +B' D = Gee : 


which will be required presently. 


It is now easy to proceed to the general systems of formulæ, 
B= (e T AE E S a ATER a r gy 
y {e+ (m, n) =(— 1)". Oys, 
g {a+ (m, n)}=(—1)™ .@gza , 
G {e+ (m, n)}=(-1)" .OGz, 
j 


Gh {x + (m, n)} = OGiz. 
Do ( — 18D Pret p eed gee gt, 
y {e+ (m, n)}=(—1)™™. Age , 
g {x+(m, n)}=(—-1)™ .PByc, 
G {e+ (m, n)}=(-1)" . OCz, 
Gi {a+ (m, n}= _ PDGz. 


W = (—1)m tb rimo- mth vi] g im ginian 


y {æ+ (m, 7n)} =(— 1)™*. YA’ Ga, 
g {x+(m, r)}=(-1)™ .VR'Ga, 


Q=(- ])metimtin Palin +2) SRD Se a pwin, 


y {x + (m, 7i)} ye 1)"**", QA” Giz, 
g{x+(m, n)}=(—1)™ .OB’Gz, 
G {e+(m, 7)}=(—1)” .QC"ge , 
Gi {x + (m, n) = QD" yx 
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Suppose «=0, we have the new systems, 
Oh, SL a Ee ak seni RR ne tee (M bis). 
y(m, n)=0, y (m, n) = (—1)™"@,, 
g (m, n) =(—1)"®,, 
G(m, n)=(—1)"® 
C (m, n= @,. 
D, = (— 1)" m+} gdm dm g-m, 


y (m, n) = (— PSDA, 


g (m, n)=0, g' (m, n)=(— 1)” ®,B, 
G (m, n) =(— 1)” ®0, 
Gi (m, n) = ®,D. 


Y=(- 1)m +h) q, 2 "Sid ae ig 


y (m, n) =(= 1+ V4’, 
g (m, 7)=(-1)™ WB, 
G (m, 7) = 0, G! (m, %) =(—1) VC", 
G (m, 7) = VD’. 


Qo = (— 1)ma tithing im-im g—dnt—hn. 
y (m, 7) = (—1)™*" 0,4”, 
g (m, ñ) =(—1)" QB”, 
G (m, i)=(—1)" Q0”, 
& (m, 7) =0, Gi’ (m, 7) = QD". 


We obtain immediately, by taking the logarithmic differentials of the functions 
yx, gu, Ga, Gra, the equations 


ye ye = z> {æ — (m, n), m=0, n=0 admissible, ...... (N), 
Ge~ ge = XS {a —(m, n)}>, 
Gx Ge =F} {e— i a- 
C'e + Gia ==> {x — (m, 7), 
the limits being the same as in the case of the factorial expressions. 


Consider an equation 


gx Ga ~ ya Giz =>> [a {ar = (m, o + a3 {a <= (m, RIEA] RE A (29), 
19 
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we have A=g(m, n) G (m, n) +o (m, 2) Ge (m, n) = 1. (30), 
IB = 9 (m, 7) G(m, A) + y (m, 7) G (m, n) = B’O" + A”D"=-—1 ... (31). 


(The application of the ordinary method of decomposition into partial fractions, 
which is in general exceedingly precarious when applied to transcendental functions, is 
justified here by a theorem of Cauchy’s, which will presently be quoted.) We have thus 

guGa + yaa = (y'x + ya) — (Gia + Gia), 
and similarly 


ge ays Gæ= (yx + ya) — (æ+ Qa), essessssesse (0), 
Gaix +y gæ=(yæ = ya)—-(ga+ ga), 
— byeSia + ge G= (gw + gx) — (Qx + Ga), 
eyo gx- Gaia = (Fr = Ga) — (C'a + Gia), 
yaaa + Gia ga = (r Giz) —( g'æ + ga); 


in which we have written 


TT OE CE N oo ogenssve gs ET (33), 
gx = G2y we byte 
Oia wa ga ii 
Adding th tions, b= +0, or b= e i 
fore cee equencn r TR SIN Cen +c), in which sense it will continue to bè 
Also, Fe = Gir, _ PS ae He eee Pry Oy (P) 
Ga = Gz, + yt, 
Suppose 
| OOM NOS age SE = oe NG (Q), 
J n + Giz 
Fr= Qy}. ; 
then TaN 
i F l E> Spr, Tere eee ee eee eee eee eee ee eee eee) (R), 
ET ete 


www.rcin.org.pl 


24 | ON THE INVERSE ELLIPTIC FUNCTIONS. 147 


and also da esis Fe TM, at a pan S (5), 
f'x =—Cox Fa, 
a= €@pafa.. 
Hence, putting for fa, Fz, their values, 
pa 
1 = niece ccc cect escccccece 5 ; 
J (1 — ega) (1 + epz) (7) 
or writing s =y, and integrating, 
oz dy 
= Se (pn nn ROOT ree U ’ 
: $ JO- ep) + ey) (Y) 
star dy 
i Py) Sanaa 


which shows that ¢ is an inverse elliptic function. 


The ‘equations which are the foundation of the theory of the functions ¢, f, F, are 


deduced immediately from the equations (S). (Abel, Œuvres, tom. I. p. 143 [Ed. 2, 
p. 268.]) These are 


a fy F FF. 
pry) Aytti nities. hats AE (V), 


_Sfefy—¢ pa py Fa Fy 
fety- Thee apy’ 


_ Faby +e be py fofy | 
Bet N=“ reco dy 


so that from this point we may take for granted any properties of these functions. 
We see, for instance, immediately, 


i 
whence ais | Peete lee. vi. JE Mak biah (W), 
2 Jo J (ley) I +ey") 


i 1 

ait (een: a ut i 

2 Jo J/-ey)(i+ey)’ 2 J, Jd +ey) ley’) s 
which give the values of œw, v in terms of c, e; values which may be developed in 


a variety of ways, in infinite series. We may also express y (3) , &c., and consequently 


A, Bam &c., by means of the quantities c, e. We have only to combine the equations 


aai asi aG a) eo 
19—2 
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with the former relations between these quantities, and we have 


4 9 ogee LG (3) ehh a a Diem toe, (Y), 


A=btctg-t, A’=i-tetqt, AX =(-lfctetgq tg? , ... (2). 
B=—bDiect qt , B=bte* qt > B’=-(- lidet gè, 
O = bi oè qt , O” =- ibe dgr, or =(— 1} c~t et qt qè 
D= b} è qo? > D =bg? F D’/=-(- 1) ict et gq è ; 
which are to be substituted in any formule into which these quantities enter. 


The following is Cauchy’s Theorem, (Zzercises de Math. t. 11. p. 289). 


“If in attributing to the modulus r of the variable 


s= F {cos p + /(—1) Sin J} ......sececcecnceeserceeceees (35), 
infinitely great values, these can be chosen so that the two functions 
ferf(-2) fe-f(-2) 
ar Bee ap B gantinen (36), 


sensibly vanish, whatever be the value of p, or vanish in general, though ceasing to 
do so and obtaining finite values for certain particular values of p; then 


the integral residue being reduced to its principal value.” 


To understand this, it is only necessary to remark that the integral residue in 
question is the series of fractions that would be obtained by the ordinary process of 
decomposition; and by the principal value is meant, that all those roots are to be 
taken, the modulus of which is not greater than a certain limit, this limit being 
afterwards made infinite. 


Suppose now fz is a fraction, the numerator and denominator of which are monomials 
of the form (ya)'(ga)™..., l, m... being positive integers, and of course no common 
factor being left in the numerator and denominator. 


Let A be the excess of the degree of the denominator over that of the numerator. 
Suppose the modulus r of (z) has any value not the same with any of the moduli of 


(ie, hy GR ORG R), GAs. ake (38). 
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Then we have 
r (cos p +isin p) = mo +nvi t b.. (39), 


0 being a finite quantity, such that none of the functions JO vanish. m and n are 
the greatest integer values which allow the possible part of @ and the coefficient of 
its impossible part to remain positive. We have therefore 


AE AAS eo MME os sing nhs vanee E cesassiw sve (40) 


M being finite; or when r is infinite, at least one of the values m, n is infinite. 
The function fz reduces itself to the form 


aad gh godine 1 GP Soh SS ee (41), 
where F is finite. Hence q) and q being always less than unity, fz, and consequently 
both 4 (fe+f(—2)} and > {fe—f(—2)} vanish for r=, as long as 2 is positive 

In the case of à= 0, the conditions are still satisfied, if we suppose fa to denote 


an uneven function of æ: for when X%=0, the index of exponential in the above 
expression vanishes, or fz is constantly finite. But fz being an odd function of z, 


fet+f(—2z)=0. And = {fz—f(—z)} vanishes for z infinite, on account of the z in 


the denominator: hence the expansion is admissible in this case. But it is certainly 
so also, in a great many cases at least, where fz is an even function of z; for these 
may be deduced from the others by a simple change in the value of the variable. 
For instance, from the expansion of ys- gx, which is an odd function, by writing 
vi 


CT? 


for æ, we obtain that of Ga +@iz, which is even. 


A case of some importance is when the function is of the above form, multiplied 
by an exponential e#@+, Here writing z= mo + nvi + 0, the admissibility of the 
formula depends on the evanescence of 


Era asaihle tise! gael ae OE E eee NR (42) ; 


or, if a=h+ki, this becomes, omitting a finite factor, 


Pah Sh cdl Rec adhe os dak onlin at PPPOE CAPER EEE RELY EEC ERT (43), 


which vanishes if h? + k°<226%, ie. the modulus of a is less than A8. The limiting 
case is admissible when the series is convergent. 


We obtain in this way a very great variety of formule. For instance, 
earte = yg = SS [(— 1)—mn—m—n ekam, m*+b im, m a gt™ {a—(m, n)}] T (A’), 
tbe gi e= b eI flix 1)—mn—m—4n cła m, n)2+b m, n) qÈ (m+})? ge” far — (m, n)}=], 
latte Qo =ib-} e SD [(= jyan ła (m, 2)2+b (m, 2) qi™ È (n+4)? {a — (m, n)}], 


chattbe = Oa = iè et SE [(—1) mtb Mth eha mmt (mam g bimeh? gh nth? fa — (m, 7)} >], 


www.rcin.org.pl 


150 ON THE INVERSE ELLIPTIC FUNCTIONS. [24 


in which the modulus of a must not exceed £: in the limiting cases, for a =£, b 
must be entirely impossible, and for a=— £, b must be entirely real. The formule for 
ya are 
AMH + yo = LS (—1)-™* g™ Emn [2 (m, n)} ........445- (44), 
e~ bhetbe i ye = LZ (—1)™" Gg," & ™ ™ fa — (m, n); 
and for b=0, 
AP + ywa YE (— 1) Q™ {a — (m, n). nesses. (45), 


TEBA i ye = DD (—1)-™" g.™ {x — (m, n)}-. 


Next the system, 
Gaye = LE (—1)™* {e — (m, n} occ ceeccsseceeceseeeecees (B’). 


gu + ys =Z (—1)” {a—(m, n)}>, 
Ga+ya =Z (—1)” {æ— (m, n); 
ya + ge =— b+ EE (1) [s — (m, n), 
Ga+ga =—c ZÈ (—1)™” {æ - (m, n), 
Gia+ge =—b* ÈZ (-1)” |æ- (m, n); 
ya + Ga =- be EE (— 1)” {æ — (m, a), 
gz+Gr= ie EX (-1)"* {s (m, 7}, 
Gie+Ge= b ES(-1*} {e-(m, A}; 
yx + Gra=te te SS (— 1)" {2 — (m, 7)}>, 
ge+Ga= e ZX(-1)" {e-(mM, n)}-, 
Ga+Ge= ic? YX(-1)" {e—(mM, ñ), 
which is partially given by Abel. À 
We may obtain, in like manner, expressions for the functions 


1 


A Si ...(six terms of this form) ...:..:..ccs..0-+. (0), 
L, 4 N thes ra a (D), 
aa" ra se Si mel reat amar ag orme (BE), 
Tai hon 7, acca ile it i A 5 aT (F), 
care edie (pamper tet eat; Se ee (G°, 
SET i an RE Gs SR ROE (H’); 
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each of them, except (Z’), (the system for which, admitting no exponential, has already 
been given,) multiplied by an exponential ¢!*, the limits of a being +28, +8, 
+8, +38, +28, +48. For the limiting values, b must be entirely impossible for the 
superior limit, and entirely possible for the inferior one. 


Thus the last case is 


1 
Siete og Oe : 
ya gu Ga Gia ` ARES A rE ARTEA ene Ee LR (H), 


= DJ, [bo m, 0)2+d m, n) qa g™@™  {a—(m, n} 
— SE [ets m, +d m, n grim)? gm f } 
+ EE [beim mom, m gam? gentho (m, AY] 
analy [eb (m, n)2+b m, m q? (m-+h)* g2 (n+)? {æ — (m, 7)}>]; 
in particular 
AA. AN = Sai e (m, E Sers (46), 
-SE gem fo (m, n)}> 
+2Zg™ {æ— (m, a) 
+ BZ qg {e — (m, 7), 
or the analogous formula obtained by changing £, qi, m into —8, q, n. 


The function ¢?w, which is even, and for which à= 0, cannot be expanded entirely 
in a series of partial fractions: but («—a)~¢*e may be so expanded. Multiply by 
(e—a), the second side has for its general term 


(a — a) (Mæ + N) {a—(m, n), 
equivalent to 

K'+(M'x+ N’) {a —(m, n~. 
Summing all the K”s, we have an equation of the form 


dx =A + EÈ[L {a -— (m, n)}? + M fe- (m, AJ] oee (47). 


To determine the coefficients as simply as possible, change x into «+40 + $ni, 
— e (px)? = A + ES [L {x —(m, n)}? + M {x - (m, n)a]. (48), 
L=- e [{æ— (m, n)}? (pe), = (mM, n) seee (49), 

M=- e c* 0, [{æ— (m, n)}* (pay), 


r writing æ+ (m, n) for æ, and therefore e=0 in the values of L and M, 


L=- e> c {æ (pa) } = OPO sessseeerrrrersreree (50), 
M=- ec 0, {a (pa) *} = 0; 
Whence 7 is ES aT aa (51). 
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Integrating this last equation twice, 

hda hdz pr =4Aa? + ec? BI {x (T, T)} iei (52) 
or Ga = ittee f do hda t oossoo. (53), 


an equation from which it is easy to determine the coefficient A. 


Suppose for a moment æ= fips de, pæ = fip æde; then, since $? (x + ) — dx ~ 0 
$, (@+0)- r=, $,(e+o)—$2=$,0 + 20b,0. 
But similarly s — ° (w — £)=0; whence 


d2z+¢,(o-z)=$0, $æ- o, (0-2) +p, o= rpo ; 


whence, writing # = z? 


$,@ = 2¢, (5) , $,@ = wd, (5) , oO d,(a@+o0)—G,4=f, (5) (22 + w). 


Hence OF (x + w) = iet {Abo}, he} azto Ge eee eens (54), 
But Oh (@ + w) = * g i Gra = bP mre) Ge (55) ; 
or, comparing these, 
2 w $ 
-ec \4 = ¢, (3) al ah ened: chin S (56), 
ec? w 
-etA =48-< 9, (5) rhe Sots ata (57), 
or writing 
hw 
m-f os m Tadias etA Bathari (58), 
w Jo 
then Sn asp SII E T EET aak 


which is the formula corresponding to the one of Jacobi’s referred to at the beginning 
of this paper. Analogous formule may be deduced from it by writing æ+ 5 , Or g S 


w 


or crs 


+ s , instead of x. 


The following formulæ, making the necessary changes of notation, are taken from 
Jacobi. We have 


geta) -¢ (2-a) = eS E AET (59), 
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whence hip (a+ a)— p (s -— a), de= gee SAVIN ee SAS (60), 
the first side of which is 
J-a # (w@ + a) da — fa $ (a — a) dw —2 fodPada occse (61). 


Hence, multiplying by ec, and observing the value of Ghz, 


Gi’ (w@+a)_ Gi (w@-a) a _ 2e fa Fa pa px 
Gh (x + a) Gi (x —a) Ga 1+ eedadic e A ona CREA 


If in this case we interchange æ, a and add, 


Gra + Ga Gren = 00 $0 $$ (a4+2) AEE (63). 


[By subtracting, we should have obtained an equation only differing from the above 
in the sign of a.] 


Integrating the last equation but one, with respect to a, 
1G (x + a) +16 (x — a) — Gira — Ufa =1 (1+ eepaegpa), 
the integral being taken from a=0. Hence 
Gi (a +a) (s — a) = GaGa (1+ CCP arga) oooi. (64) ; 


or Gh (x + a) G (x — a) = GaGa + e’c'ry*ay*a, ) 

pe Eb ail, AS, aa at ee ee eee ene (J), 
y(@t+a) y (x-a) = yaa- ya Gra, 
g(@ +a) g(x — a) = gaa — èga Era, 
G(a+a) G (a -— a)= Pria + eate, 


these equations being obtained from the first by the change of æ into sea vente 


æ+ 4 +5 . They form a most important group of formule in the present theory. By 


integrating the same formule with respect to a, and representing by II(#, a) the 
— ee ga fa Fa pada ; : 

t TAE cea Brielle sedataad 

integral | St DPT E IF T ok Jacobi obtains 

(s-a) Gra. 

T (a, On itteay ay * Ga 

an equation which conducts him almost immediately to the formule for the addition 
of the argument or of the parameter in the function II. This, however, is not very 


C 20 
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closely connected with the present subject. For some formule also deduced from (63), 
Gi 
by which Gh (x — a) Ge (y — a) (x+y +a). 


Oh ( + ) G (y + a) Gr (a Ee y— a) is expressed in terms of the function dp, see 
æ+ a 
Jacobi. 


Note.—We have 
x 
ypx = xII (1 + a a ; 
TI (1 -+ ap) 
Jet = aa n)? 
the limits of n being +g, and those of m being +p, in the first case, and p, — p -—1, 
in the second case. Also vi O. 


We deduce immediately 


p : 
ye (e+ $)=(#+$) 0m (az s 3) = 0N (1+ ge 5) mg x 


(paying attention to the omission of (m=0, n=0) in yr, and supposing that this 
value enters into the numerator of the expression just obtained, but not into its 
denominator). This is of the form 


Ye (2 + 5) = ATTI (1 $ EA, ; 
but the limits are not the same in this product and in gga. In the latter m assumes 
the value —p — 1, which it does not in the former; hence 


@ x 
Yg («+ 5) +gpr=A +1, (1 oes 
and the above product reduces itself to unity in consequence of all the values 


assumed by n being indefinitely small compared with the quantity (p + $); we have 
therefore 


A (e + 5) 1s, allen el Meena (65), 


and similar expressions for the remaining functions. To illustrate this further, suppose 
we had been considering, instead of yga, the function y-g2, given by the same formula, 


but with 5 = 0, instead of £ =o. We have in this case also 
x 
v-s(2+ 3) =9-s0=4'+Th rame i 


A’ different from A on account of the different limits. The divisor of the second side 
takes the form 


\@-(p+ Ho} 1 (1 42 Pt De) Ce ~p+Hon (1+ Pte ), 


nur 
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where the extreme values of n are infinite as compared with p. This may be reduced to 
-sin 5 fe — (p +4) o} +sin (p+})o, 
=[(p+i)o-a] SEHD -7 
=€ +e =e °, 


neglecting the exponentials whose indices are infinitely great and negative. Observing 
the value of 8 this becomes e~*6?, and we have 


Yy—g (z+ 5) =de A'gp. 0 


a result of the form of that which would be deduced from the equations y_s a= cy, x, 
g-pt = PM gaa, Ye (z+ 5) =Aggz. It is scarcely necessary to remark that ya has the 


same relations to the change of æ into e+ as ygx has to that of æ into z +3: 


20—2 
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